We will give a proof to the Prasad conjecture for U 2 , SO 4 and Sp 4 over a quadratic field extension.
Introduction
Assume that F is a nonarchimedean local field with characteristic 0. Let G be a connected reductive group defined over F and H be a closed subgroup of G. Given a smooth irreducible representation π of G(F ), one can study the complex vector space Hom H(F ) (π, C). If it is nonzero, then we say that π is H(F )-distinguished.
Period problems, which are closely related to Harmonic Analysis, have been extensively studied for classical groups. The most general situations have been studied in [SV17] when G is split. Given a spherical variety X = H\G, Sakellaridis and Venkatesh [SV17] introduce a certain complex reductive groupĜ X associated with the variety X, to deal with the spectral decomposition of L 2 (H\G) under the assumption that G is split. In a similar way, Dipendra Prasad [Pra15, §9] introduces a certain quasi-split reductive group H op to deal with the distinction problem with respect to a quadratic character χ H (depends on the quadratic extension E/F and the reductive quasi-split group H), when the subgroup H is the Galois fixed points of G, i.e. H = G Gal(E/F ) , where E is a quadratic field extension of F . The cases H = SL 2 and H = SL n (n ≥ 3) have been proved in [AP03, AP18, Lu18b] and the cases H = GL 2 and H = PGL 2 have been verified in [Pra92, Lu17] . The cases H = GSp 4 and H = SO 5 have been studied for the tempered representations in [Lu18a] . In this paper, we will focus on the following cases: where R E/F denotes the Weil restriction of scalars. Let θ be the involution defined on G(F ) and H(F ) = G θ . More precisely, given g ∈ G(F ), g t denotes its transpose matrix,
if G(F ) = SO 4 (E) or Sp 4 (E)
where σ is the nontrivial element in Gal(E/F ) and ω 0 = 1 −1 . So H(F ) = {g ∈ G(F ) : θ(g) = g}.
Let W F (resp. W E ) be the Weil group of F (resp. E) and let W D F (resp. W D E ) be the Weil-Deligne group. Let ψ be any nondegenerate additive character of F and ψ E = ψ • tr E/F . Assume that τ is an irreducible smooth representation of H(F ) with a Langlands parameter φ τ : W D F −→ L H and a character λ of the component group S φτ = C(φ τ )/C • (φ τ ), where C(φ τ ) is the centralizer of φ τ inĤ and C • (φ τ ) is the connected component of C(φ). Then φ τ | W DE gives a Langlands parameter of H(E) = G(F ). The map
is called the base change map. The Prasad conjecture for the quasi-split group H implies the following:
Theorem 1.1. Let E be a quadratic field extension of a nonarchimedean local field F with associated Galois group Gal(E/F ) = {1, σ}. Assume that π is an irreducible smooth admissible representation of G(F ) with an enhanced L-parameter (φ π , λ) and that the L-packet Π φπ is generic. Then (i) If π is H(F )-distinguished, then π ∨ ∼ = π θ and there exists a Langlands parameter φ of H op (F ) such that φ| W DE = φ π , where H op = GL 2 , if H = U 2 ; SO 4 , if H = SO 4 . (ii) If φ π = φ π ′ | W DE for some irreducible representation π ′ of H op (F ) and π has a Whittaker model with respect to a non-trivial additive character ψ 0 of N (E) which is trivial on N (F ), where N is a unipotent subgroup of H, then π is H(F )-distinguished for H = U 2 and SO 4 . (iii) Assume that H = U 2 or SO 4 . Then there is an identity
where • H ′ is the unique nontrivial pure inner form of H defined over F ;
• F (φ π ) = {φ : W D F −→ L H op : φ| W DE = φ π } is the set of the lifted parameters;
• m(λ, φ) is the mulitplicity of the trivial character contained in the restricted character λ| S φ ;
}| is the size of the cokernel.
Theorem 1.2. Let τ be an irreducible tempered representation of Sp 4 (E) with an enhanced L-parameter (φ τ , λ), distinguished by Sp 4 (F ). Then the multiplicity dim Hom Sp 4 (F ) (π, C) = φ∈F (φτ )
where F (φ τ ), m(λ, φ) and d 0 (φ) are defined as above in (1.1).
Anandavardhanan-Prasad [AP03, AP18] use the restriction to SL n (E) from GL n (F )-distinguished representation of GL n (E) to show that the mulitiplicity dim Hom SL n (F ) (π, C) is equal to the number of inequivalent lifts where H = SL n and H op = SU n with n ≥ 3 (where H op = SL 2 if H = SL 2 ). We will use a similar method to deal with the case when H = SO 4 , which involves the distinction problems for GSO 4 or GSpin 4 over a quadratic field extension E/F . The main task in this paper is to verify the identity (1.1). In particular, on the right hand side (called the Galois side) of (1.1), we will construct and study the finite set F (φ π ) case by case in §3.
Thanks to the results [FLO12, Theorem 0.2] when H = U 2 , one can get the multiplicities on the left hand side (called the automorphic side) of (1.1) for almost all cases except the Langlands parameter φ π = 2χ where χ is Galois invariant. It turns out that the exception case for U 2 can be obtained via the Prasad conjecture for SL 2 over a quadratic field extension E/F . (See Lemma 2.2.) When H = Sp 4 , we need to assume that π is tempered because the identity (1.1) for H = GSp 4 has been discussed in [Lu18a] only when the representation of GSp 4 (E) is tempered. Another difference for the distinction problems between SO 4 and Sp 4 is that the pair (GSO 4 (E), GSO 4 (F )) is a Gelfand pair while (GSp 4 (E), GSp 4 (F )) is not a Gelfand pair.
Remark 1.3. In [BP18, Theorem 1], Raphael Beuzart-Plessis uses the relative trace formula to show that
where H ′ is an inner form of H defined over F , χ H ′ is a quadratic character of H ′ (F ) and π ′ is a stable square-integrable representation of (R E/F H ′ )(F ) = H ′ (E) which has a transfer to π of H(E).
Remark 1.4. It has been shown that deg Φ(φ) = 1 if φ is discrete, and so is d 0 (φ). (See [Pra15, Remark 22] .)
Now we briefly describe the contents and the organization of this paper. The proof of Theorem 1.1 for the quasi-split group U 2 will be given in §2. In §3, we study the distinction problems for GSO 4 and SO 4 , including the cases when the group H is not split but quasi-split. In the last section, we will give the proof of Theorem 1.2 which depends on the local Langlands correspondence for Sp 4 proved by Gan-Takeda in [GT10] .
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The Prasad conjecture for U 2
In this section, we will verify the Prasad conjecture for H = U 2 . In this case G(F ) = GL 2 (E) and H ′ (F ) is the unitary group of a 2-dimensional Hermitian vector space V with nontrivial discriminant, which is not quasi-split.
First, let us recall [FLO12, Theorem 0.2].
Theorem 2.1 (Feigon-Lapid-Offen). Suppose that π is an irreducible admissible generic representation of G(F ) = GL 2 (E). If π is H(F )-distinguished, then π is Galois invariant. Conversely, assume π = π σ . Then • If π is a square-integrable representation, then dim Hom H(F ) (π, C) = 1 = dim Hom H ′ (F ) (π, C).
• If π = π(χ 1 , χ 2 ) with χ 1 = χ σ 2 = χ 2 is a principal series representation, then dim Hom H(F ) (π, C) = 1 and dim Hom H ′ (F ) (π, C) = 0.
• If π = π(χ 1 , χ 2 ) with χ 1 = χ 2 and χ i = χ σ i for i = 1, 2, then dim Hom H(F ) (π, C) = 2 = dim Hom H ′ (F ) (π, C).
• If π = π(χ, χ) with χ = χ σ , then dim Hom H(F ) (π, C) ≥ 2.
This section focuses on the last case φ π = 2χ with χ = χ σ . Lemma 2.2. Assume that π = π(χ, χ) is a representation of GL 2 (E) with χ = χ σ . Then dim Hom H(F ) (π, C) = 2 = dim Hom H ′ (F ) (π, C).
Proof. By the the Geometric Lemma of Bernstein-Zelevinsky, one can easily obtain that dim Hom H ′ (F ) (π(χ, χ), C) = 2 since there are two orbits in the double coset B(E)\GL 2 (E)/H ′ (F ) and both are open. For the quasisplit group H(F ), it suffices to show that dim Hom H(F ) (π, C) ≤ 2. Together with Theorem 2.1, one has dim Hom H(F ) (π, C) = 2. Note that SL 2 (F ) is a subgroup of U 2 (F ) and so the multiplicity dim Hom H(F ) (π, C) has an upper bound dim Hom SL2(F ) (π, C), which is 2 due to [AP03, Theorem 1.3]. Then we are done. Now we start to give a proof to Theorem 1.1 for U 2 .
Proof of Theorem 1.1 for U 2 . Recall that H(F ) = U 2 and χ H = 1.
(i) It is obvious that π is H(F )-distinguished if and only if π = π σ due to Theorem 2.1. If π = π σ , then there is an extensionφ : W D F −→ GL 2 (C) of φ π . (ii) It follows from Theorem 2.1 directly. (iii) Assume that π = π σ . Otherwise, both sides in (1.1) are zero. In this case, d 0 (φ) = 1 = m(λ, φ).
There are several cases:
• If φ π is irreducible, i.e., π is a square-integrable representation of GL 2 (E), then there are two lifts φ and φω E/F , where ω E/F is the quadratic character associated to the quadratic field extension E/F by the local class field theory. They are in the same orbit under twisting by ω E/F , so it corresponds to two inner forms. • If φ π = χ 1 + χ 2 with χ 1 = χ σ 2 = χ 2 , then dim Hom H ′ (F ) (π, C) = 0. On the Galois side, there is only one lift φ = Ind WF WE χ 1 which corresponds to the trivial inner form in H 1 (F, U 2 ).
• If φ π = χ 1 + χ 2 with χ i = χ σ i and χ 1 = χ 2 , then there are four lifts and there are two orbits in F (φ π ) under twisting by ω E/F . On the automorphic side, both the muliplicities dim Hom U2 (π, C) and dim Hom H ′ (F ) (π, C) are 2.
and deg Φ(φ 2 ) = 2. Therefore, the identity (1.1) holds for any generic representation π of GL 2 (E).
The Prasad conjecture for SO 4
In this section, we will investigate the Prasad conjecture for SO 4 . There are several cases for H(F ): the split group SO 2,2 (F ) and the quasi-split group SO(V ) where V is the 4-dimensional F -vector space with nontrivial discriminant corresponding to K (a quadratic field extension of F ) and Hasse invariant +1. (Sometimes we say that the discriminant of V is K.) Moreover,
3.1. The Prasad conjecture for GSO(V ). Let us recall the fact when H = GSO(V ), χ H = ω E/F and
where EK is the composite field containing two distinct quadratic fields E and K of F with Weil group W EK and U i (EK/K) is the unitary group of i-dimensional Hermitian EK-vector space with trivial discriminant.
Theorem 3.1. Let K be a quadratic field extension of F , different from E. Assume that
(ii) there exists an identity
Assume that τ is GSpin(V )-distinguished. Then there exists a representationτ of GL 2 (EK) distinguished by GL 2 (K). Moreover, the central character ωτ = µ s µ −1 with µ(−1) = 1 for a character µ of GL 1 (EK) and ωτ | K × = 1. Thanks to [AP03, Theorem 1.2], the finite sets
play a vital role in computing the multiplicity dim Hom GL2(K) ♮ (τ, C) = dim Hom SO(V ) (π, C).
Lemma 3.2. [AP03, Proposition 4.2] Assume thatτ is a square-integrable representation of GL 2 (EK), distinguished by GL 2 (K). Then there exists a bijection between the set Xτ and Zτ .
Proof. Suppose that χ ∈ Xτ . Then there exists a character µ of GL 1 (EK) such that
So χ • N EK/K ∈ Yτ . Observe that χω EK/K / ∈ Xτ becauseτ is square-integrable, which implies that
Hence χ → χ • N EK/K gives an injective map from Xτ to Zτ . Conversely, if χ ∈ Zτ , then χ 2 = 1 and χ s = χ = χ σ . There exists a character χ F of F × such that
and soτ ⊗ µ is either GL 2 (K)-distinguished or (GL 2 (K), ω EK/K )-distinguished, but not both. We map χ to χ K or χ K ω EK/K accordingly. Clearly the above two maps are inverses of each other. This finishes the proof.
Lemma 3.3. If p = 2, then Zτ is a singleton.
Proof. Since χ ∈ Yτ , χ is a quadratic character and χ = χ s where Gal(EK/E) ∼ = Gal(K/F ) = s . If χ ∈ Zτ , then χ σ = χ = χ s . So χ = 1 if p = 2.
If p = 2, then Zτ may not be a singleton. Suppose that |Zτ | > 1. We set
then Σ has a Whittaker model with respect to a nontrivial character ψ 0 of EK/K. Furthermore, exactly one constituent of the restriction ofτ to GL 2 (EK) + is ψ 0 -generic.
Corollary 3.4. If p = 2 and π is SO(V )-distinguished, then dim Hom SO(V ) (π, C) = 1.
If p = 2, then
Proposition 3.5. Assume that τ is a principal series representation of GL 2 (EK) ♮ with associated representation π of SO(V ⊗ F E), distinguished by GSpin(V ). Then dim Hom SO(V ) (π, C) ∈ {1, 2, 3, 4}.
Proof. If p = 2, then ωτ = 1. There are two cases:
Note that there exists a unique pure inner form of SO(V ).
Theorem 3.6 (The Prasad conjecture for SO(V )). Let π be an irreducible representation of SO(V ⊗ F E) = GSpin 3,1 (E)/E × . There exists an identity
Proof. Suppose that p = 2 and π is SO(V )-distinguished and square-integrable. Then
Thanks to [Lu17, Theorem 2.5.2], there exists a representation ρ of GL 2 (K) such that
Note that there is a natural group embedding GSpin(V ) ֒→ R K/F (GL 2 ). Let
be the natural quotient map. In fact, the Asai representation
and φ| W DE = φ π . There are several subcases:
• Ifτ is square-integrable, then there are two lifts φ and
Inside the L-packet Π φπ , there are two elements and both are SO(V )-distinguished.
Then χ ′ F corresponds to a quadratic field E 4 of F which is not contained in EK, which happens only when p = 2.
•
. There are two elements inside the L-packet Π φπ and only one member is SO(V )-distinguished. For
and only one character of S φπ restricted to S φ contains the trivial character.
for a character ν 1 of (EK) × and so
for i = 1, 2 and dim Hom SO(V ) (π, C) = 3 in this case.
Assume that π is an irreducible representation of SO(V ⊗ E) distinguished by SO(V ), associated tõ τ = π 1 × π 2 with ω π1 = ω −1 π2 and π ∨ 1 = π σ 2 , where ω πi is the central character of π i . Then dim Hom SO(V ) (π, C) = |Xτ | |Yτ |/|Zτ | .
Suppose χ ∈ Xτ . Then π 1 ⊗ χ ∼ = π 1 and χ| F × = 1. Let τ ⊂τ | GSpin 2,2 (E) be a GSpin(V )-distinguished representation of GSpin 2,2 (E). Denote τ ǫ the conjugate representation of τ , i.e.,
Proof. By the assumption, there exists χ ∈ Zτ such that
Theorem 3.8. The Prasad conjecture holds for SO(V ) when the discriminant of V equals to E.
Proof. Assume that π is square-integrable. Letτ = π 1 × π 2 with ω π1 = ω −1 π2 and π ∨ 1 = π σ 2 . Then each central character ω πi is Gal(E/F )-invariant and there exists a character χ F such that
There are a few cases:
both equal to r = |Xτ | |Yτ |/|Zτ | (which may be either 1, 2 or 4). Then
• If π 2 = π 1 ⊗ χ for a character χ of E × and π 1 = π 2 , then
is a quadratic character of E × . If χ = χ σ , then it coincides with the previous case. Assume that χ = χ σ . Then χ σ χ −1 is a nontrivial quadratic character and
On the Galois side, if dim Hom SO(V ) (π, C) = 1, then |F (φ π )| = |Zτ | and
• If π 1 = π 2 ⊗ χ for any character χ, then |Yτ | is either 1 or 2 and
Then tr(φ π1 (ℓ 2 )) = 0 and As E/F (π 1 ) = ω E/F · As E/F (π 1 ). Suppose that Zτ = χ • N E/F : χ 2 = 1 , then dim Hom SO(V ) (π, C) = 2 and
If |Yτ | = |Zτ | = 2, then only one member inside the L-packet Π φπ is SO(V )-distinguished.
If π is not square-integrable, then both π 1 and π 2 are principal series representations. Suppose that
for i = 1, 2. Then µ 11 µ 21 µ 12 µ 22 = 1 and µ j1 µ σ j2 = 1 for j = 1, 2. Note that Yτ = Zτ and
The Langlands parameter φ π = µ 11 µ 12 ⊕ µ 11 µ 22 ⊕ µ 21 µ 12 ⊕ µ 21 µ 22 and µ 11 µ 21 is Gal(E/F )-invariant. There exists a character χ F such that µ 11
and |F (φ π )| = 1. Thus the Prasad conjecture for SO(V ) holds.
3.3. The Prasad conjecture for GSO 2,2 . If V is a 4-dimensional quadratic space over F with discriminant trivial and Hasse invariant ǫ(V ) = 1 (resp. −1), then the special orthogonal group is split (resp. non-split), denoted by SO 2,2 (F ) (resp. SO 4,0 (F )). The special orthogonal similitude group (denoted by GSO 2,2 (F )) is given by
There is a unique nontrivial pure inner form in H 1 (F, GSO 2,2 ), denoted by GSO 4,0 . If H = GSO 2,2 , then χ H = ω E/F and
We denote by USO 2,2 the group H op if H = GSO 2,2 . Then L USO 2,2 = GSpin 2,2 (C) ⋊ σ where GSpin 2,2 (C) = {(g 1 , g 2 ) ∈ GL 2 (C) × GL 2 (C) : det(g 1 ) = det(g 2 )} and the action of σ on GSpin 2,2 (C) is given by
for (g 1 , g 2 ) ∈ GSpin 2,2 (C).
Theorem 3.9. Let E be a quadratic field extension of a nonarchimedean local field F with associated Galois group Gal(E/F ) = {1, σ} and associated quadratic character ω E/F . Assume that Σ = π 1 ⊠ π 2 with ω π1 = ω π2 is an irreducible generic representation of GSO 2,2 (E) with an L-parameter φ Σ . Then
If Σ is (H(F ), χ H )-distinguished, then both π 1 and π 2 are conjugate-symplectic and so π ∨ i = π σ i . Thus Σ ∨ ∼ = Σ σ and there exist two representations ρ 1 and ρ
Otherwise, both sides will be zero. We divide them into two cases: Proof of Theorem 1.1 when H = SO 2,2 .
(i) If π is SO 2,2 (F )-distinguished, then there exists a representation Σ = π 1 ⊠ π 2 of GSO 2,2 (E), distinguished by GSO 2,2 (F ), such that π ⊂ Σ| SO2,2(E) . So φ π = φ ∨ π1 ⊗ φ π2 and both φ π1 and φ π2 are conjugate-orthogonal. Therefore
where τ is an irreducible representation of H(F ). Choose a representatioñ τ of USO 2,2 such that τ ⊂τ | SO 2,2 (F ) . Suppose that Σ is a representation of GSO 2,2 (E) satisfying φ Σ = φτ | W DE . Due to Theorem 3.9, Σ is H(F )-distinguished and Σ| SO 2,2 (E) ⊃ π. Thanks to [AP03, Proposition 3.1], π is H(F )-distinguished if and only if π is ψ 0 -generic. Then we are done. (iii) We separate them into several cases:
(A) Suppose that the representation π is square-integrable. Then π is SO 2,2 (F )-distinguished if and only if π is SO 4,0 (F )-distinguished. Assume that Σ = π 1 ⊠ π 2 is a GSO 2,2 (F )-distinguished representation of GSO 2,2 (E) and Σ| SO2,2(E) ⊃ π. Then each π i is GL 2 (F )-distinguished. Set
Note that there is a bijection between X Σ and Z Σ . Moreover, following [Pra15, Lemma 22], one has
(A1) If π 1 = π 2 ⊗ χ with χ necessarily quadratic, then φ π = χAd(φ π1 ) ⊕ χ and χ| F × = 1. Hence there exists a quadratic character χ F of W F such that χ F | WE = χ. Note that Hom SL2(F ) (π 1 , C) = 0. Due to [Lu18b, Theorem 1.2], there exists an identity
where r = 1, 2 or 4 and so
Hence, |F (φ π )| = 2 · dim Hom H(F ) (π, C).
(A2) If π 1 = π 2 ⊗ χ, then |Y Σ | = |Z Σ | = 1 or 2. Suppose that φ ∈ F (φ π ). Then
Inside the L-packet Π φπ , only one member is SO 2,2 (F )-distinguished since |Y Σ | = |Z Σ |. (B) If Σ is not square-integrable and π 1 = π(χ 1 , χ 2 ) with χ 1 = χ 2 and
If π 2 = π 2 ⊗ χ F • N E/F , then dim Hom SO4,0(F ) (π, C) = 1. On the Galois side,
If π 2 = π(χ, χ · χ F • N E/F ) with χ| F × = 1, then dim Hom SO4,0(F ) (π, C) = 2. Note that χ 2 1 = χ 2 . Then χχ −1 1 is a Gal(E/F )-invariant quadratic character. Suppose that
There are 5 parameter lifts for φ π = 2χ ′ F | WE ⊕ 2(χ F χ ′ F )| WE . Inside the finite set F (φ π ), there exists a discrete parameter for SO 2,2 (F ), i.e. φ = χ ′ F (C ⊕ Ad(Ind WF WE ν)) with ν σ = ν · χ F • N E/F , which picks up the trivial pure inner form in H 1 (F, SO 2,2 ). (C) If neither π 1 nor π 2 is of the form π(χ 1 , χ 2 ) with χ 1 = χ 2 and χ 1 | F × = χ 2 | F × = 1, then π 1 = π(µ −1 1 , µ σ 1 ) and π 2 = π(µ −1 2 , µ σ 2 ) or π 2 is a square-integrable representation. (C1) If π 2 is square-integrable, then dim Hom H(F ) (π, C) = 1 and
There are several subcases: (C2a) If either µ σ 1 µ 1 = µ σ 2 µ 2 , or µ σ 1 µ 1 = 1 = µ σ 2 µ 2 , or µ σ 1 µ 1 = µ σ 2 µ 2 is not a quadratic character, then Σ| SO2,2(E) is irreducible and dim Hom SO 2,2 (F ) (π, C) = 2 = dim Hom SO 4,0 (F ) (π, C).
On the Galois side,
If µ 1 = µ 2 · χ • N E/F with χ 2 = ω E/F , then dim Hom SO4,0(F ) (π, C) = 2 and
Near the parameter φ, the base change map Φ is equivalent to
If µ 1 = µ 2 and µ σ 1 µ 1 = χ F • N E/F , then dim Hom SO 4,0 (F ) (π, C) = 2. On the Galois side, there are four obvious lifts for φ π : 2χ F ⊕ 2C,
) lies in F (φ π ) and it picks up the trivial pure inner form. Then we have finished the proof.
The Prasad conjecture for Sp 4
In this section, we will give the proof for Theorem 1.2. Let us recall the Prasad conjecture for GSp(4) over a quadratic field extension E/F . If H = GSp 4 , then 
is the multiplicity of the trivial character of S φ contained in λ| S φ ;
In particular, ifτ is tempered and nongeneric, then Hom GSp 4 (F ) (τ , ω E/F ) = 0.
Remark 4.2. We will say that the Langlands parameter φτ is conjugate-orthogonal if the composite
is conjugate-orthogonal in the sense of [GGP11, §3], where i : GSp 4 (C) −→ GL 4 (C) is the natural embedding. Then the generic tempered representationτ of GSp 4 (E) is GSp 4 (F )-distinguished if and only if φτ is conjugate-orthogonal. We may identify the parameter φτ and i • φτ . We will identify the characters of F × and the characters of W F by the local class field theory as well. 
Remark 4.4. The identity (4.1) could be much more useful when we study the multiplicity dim Hom Sp 4 (F ) (τ, C) for a generic representation τ of Sp 4 (E).
Suppose that τ is a Sp 4 (F )-distinguished representation of Sp 4 (E). Letτ be a GSp 4 (F )-disitinguished representation of GSp 4 (E) andτ | Sp 4 (E) ⊃ τ . Fix a nontrivial additive character ψ 0 (e) = ψ(tr(δe)) for
Let π be a generic smooth representation of GSp 4 (E). Consider the restriction of π to GSp 4 (E) ♮ and write it as a direct sum of irreducible representations:
where π + is ψ 0 -generic and π i are not ψ 0 -generic. Note that the finite set I may possibly be empty.
Proposition 4.5. [AP03, Theorem 1.1] Let π be an irreducible, smooth, generic and tempered representation of GSp 4 (E). Then π is Sp 4 (F )-distinguished if and only if π + is Sp 4 (F )-distinguished.
Proof. It suffices to show that if (π 0 ) δ is a Sp 4 (F )-distinguished representation of GSp 4 (E) ♮ , then (π 0 ) δ has a Whittaker model with respect to a nontrivial additive character of N (E) which is trivial on N (F ), where N ⊂ Sp 4 is a unipotent subgroup. Without loss of generality, we may assume that (π 0 ) δ is GSp 4 (F )distinguished. Due to [Lu17, Theorem 4 
Due to Lemma 4.7, the representation Θ 3,3 ψE (π 0 ) is ψ 0 -generic and so is its theta lift θ ψ0 (θ 3,3 ψE (π 0 )) = (π 0 ) δ , i.e. (π 0 ) δ has a Whittaker model with respect to ψ 0 .
Remark 4.6. Proposition 4.5 is the key statement used in [AP03, AP18] to verify the Prasad conjecture for SL n . It will be the key result used in this paper for the proof of Theorem 1.2 as well.
Set GL 4 (E) ♮ = {g ∈ GL 4 (E)| det(g) ∈ F × } and let N ⊂ GL 4 be a unipotent subgroup. It follows from the fact that l ∈ Hom GL 4 (F ) (Π, C) can be written uniquely (up to a scalar) as
where P 1 (F ) is the mirabolic subgroup of GL 4 (F ), the subgroup of GL 4 (F ) with last row (0, · · · , 0, 1) and W is a Whittaker function in Π, see [AM17, Theorem 1.1].
Lemma 4.8. Let π be a GL 2 (F )-distinguished supercuspidal representation of GL 2 (E). If there exists a unique nontrivial quadratic character χ such that π ⊗ χ ∼ = π, then χ| F × = 1.
Proof. If χ| F × = 1, then Hom GL2(F ) (π, χ| F × ) = 0. Since π is supercuspidal, Hom GL2(F ) (π, ω E/F ) = 0 and χ| F × = ω E/F . Hence (π ⊗ χ) σ = (π ⊗ χ) ∨ . Note that π ∨ = π σ . Then π ∨ = π ∨ ⊗ χ σ χ and χ σ χ = 1, which contradicts the assumption that there exists a unique character χ satisfying π⊗χ = π. Lemma 4.9. Let π be a GL 2 (F )-distinguished supercuspidal representation of GL 2 (E). If π ⊗ χ ∼ = π and χ| F × = χ F = 1, then π ⊗ χ F • N E/F ∼ = π.
Proof. Since π is GL 2 (F )-distinguished, the Langlands parameter φ π is conjugate-orthogonal. So is φ π ⊗ χ.
Remark 4.10. Suppose that τ is a SL 2 (F )-distinguished representation of SL 2 (E) and
Then there exists only one lifted parameter
Page 491].) There are 4 elements in the L-packet Π φτ and half of them are SL 2 (F )-distinguished, which is compactible with the fact that the group homomorphism
is the diagonal embedding and two charactes on S φτ restricted to S φ contains the trivial representation. It can be viewed as the first evidence why m(λ, φ) appears in (1.1) in the Prasad conjecture. We will use the restriction to Sp 4 (E) from GSp 4 (F )-distinguished representations of GSp 4 (E) to study the multiplicity dim Hom Sp 4 (F ) (τ, C), following the methods used by Anandavardhanan and Prasad in [AP03, AP18] . Compared with the case H = SL 2 , the L-packets of Sp 4 are much more complicate and so the proof looks much more difficult. However the ideas are essentially the same.
Proof of Theorem 1.2. Assume that τ is a tempered representation of Sp 4 (E) with an enhanced L-parameter (φ τ , λ), distinguished by Sp 4 (F ). Suppose thatτ is an irreducible tempered GSp 4 (F )-distinguished representation of GSp 4 (E) such thatτ | Sp 4 (E) ⊃ τ . Let
According to the Langlands parameter φτ , the proof is divided as 3 parts:
• the Langlands parameter φτ is irreducible, see ((A));
• the Langlands parameter φτ = ρ ⊕ χρ with χ = 1 is reducible, see ((B));
• the endoscopic case, see ((C)).
We will study the multiplicity dim Hom Sp 4 (F ) (τ, C) case by case.
(A) If φτ is irreducible, then there exists a bijection between the set Xτ and Zτ and so dim Hom Sp 4 (F ) (τ, C) = |Xτ | |Yτ |/|Zτ | = |Zτ | 2 |Yτ | .
(A1) If φτ is primitive, then p = 2 and φ ∨ τ ∼ = φ τ ∼ = φ τ σ . Moreover, there exists A ∈ SO 5 (C) such that φ τ (ℓtℓ −1 ) = Aφ τ (t)A −1 for t ∈ W E and φ τ (ℓ 2 ) = A 2 . Set φ(ℓ) = A and φ(t) = φ τ (t) for t ∈ W E . Then φ ∈ F (φ τ ) and F (φ τ ) = {φ} is a singleton since φ τ is irreducible. In general, if |Yτ | = |Zτ |, then dim Hom Sp 4 (F ) (τ, C) = |Zτ |.
In this case, there exist characters
Thus for each i, there exists A i ∈ GSp 4 (C) such that
(A2) If |Yτ | = 2|Zτ |, then dim Hom Sp 4 (F ) (τ, C) = 1 2 |Zτ |. In this case,
There are |Yτ | elements inside the L-packet Π φτ and only half of them are Sp 4 (F )-distinguished. When |Yτ | = 4, The component group
In this case, dim Hom Sp 4 (F ) (τ, C) = 1 and |F (φ τ )| = 1. Moreover, p = 2, |Yτ | = 16 and |Zτ | = 4. On the component group, • When dim Hom Sp 4 (F ) (τ, C) = 2, there exists a unique lift for Ad(ρ). In fact, φ = 2χ F ⊕ Ad(ρ) due to [Lu18b, Theorem 1.2], where Ad(ρ)| W DE = Ad(ρ). So
Half members inside the L-packet Π φτ are Sp 4 (F )-distinguished. 
If ρ is dihedral with respect to one nontrivial quadratic character χ E , then
and dim Hom Sp 4 (F ) (τ, C) = 6, which only happens when p = 2. On the Galois side, there are two lifts φ 0 and ω
It is obvious that
. If ρ is dihedral with respect to three nontrivial quadratic characters, then |Yτ | = 8 and dim Hom Sp 4 (F ) (τ, C) = 12, if Zτ = Yτ ; 3, otherwise.
If Zτ = Yτ , then On the Galois side, On the Galois side, φ τ = 2C + Ad(φ 1 ) and
, 1}, i = 1, 2, · · · , r} where r = 1, 2 or 4 and each Ad(ρ i ) satisfies Ad(ρ i )| W DE = Ad(φ 1 ). (b). If φ 1 = φ 2 ⊗ χ = φ 2 for a quadratic character χ, then
• If both φ 1 and φ 2 are conjugate-orthogonal, then χ| F × = 1 and If |Yτ | = 2, then Xτ = {1, χ F , χ F ω E/F }. Moreover, dim Hom GSp 4 (F ) (τ , C) = 2, dim Hom GSp 4 (F ) (τ , χ F ) = 1 = dim Hom GSp 4 (F ) (τ , χ F ω E/F ), in which case, |F (φ τ )| = 4 and the lifted parameters are given by
for z ∈ {0, 1}, where Ad(ρ)| W DE = Ad(φ 1 ). The rest cases are similar.
There exists a character ν such that χ = νν σ and (φ 2 ⊗ ν) σ = (φ 2 ⊗ ν) ∨ . Then dim Hom Sp 4 (F ) (τ , C) = dim Hom Sp 4 (F ) (τ ⊗ ν, C) with φ 2 ⊗ ν conjugate-self-dual, which has been discussed as before.
Then ν 2 · det φ 1 is conjugate-orthogonal. Note that det φ 1 is conjugate-orthogonal. Then ν 2 | F × = 1 and so χ| F × = 1, which contradicts χ| On the Galois side, if |Yτ | = 2|Zτ |, then Suppose that det φ 1 = ν σ ν −1 , then there existsρ i such that
Yτ is a singleton. On the Galois side,
On the Galois side, |Π φτ | = 2 and S φ = µ 2 ∼ = S φτ . Only one member inside the Lpacket Π φτ is Sp 4 (F )-distinguished, the other one is nongeneric and so it is not Sp 4 (F )distinguished. If Yτ = χ E , then χ σ E ∈ Yτ and so χ σ E = χ E . Then
On the Galois side, F (φ τ ) is given by
There are two representations in Π φτ distinguished by Sp 4 (F ) and the rest two representations corresponds to the nongeneric tempered representations of Sp 4 (E), which are not Sp 4 (F )distinguished.
If det φ 1 = 1 or det φ 1 is not a quadratic character, then dim Hom Sp 4 (F ) (τ, C) = 1.
If det φ 1 is a nontrivial quadratic character, then dim Hom Sp 4 (F ) (τ, C) = 1, if |Yτ | = 1; 3, if |Yτ | = 2.
On the Galois side, there exists a character ν such that det φ 1 = ν σ ν −1 . So
There exists a parameterρ 3 such that ρ 3 | W DE = φ 1 . Therefore F (φ τ ) = {C ⊕ρ ∨ 1 ⊗ρ 2 , C ⊕ (ρ 3 ⊕ρ ∨ 3 )ω z E/F , z ∈ {0, 1}}. (C2) Suppose that φ 1 = χχ 1 ⊕ χχ 2 is reducible and φτ = χ(χ 1 χ 2 ⊕ χ 1 ⊕ χ 2 ⊕ C). Then φ τ = χ 1 ⊕ χ 2 ⊕ C ⊕ χ −1 2 ⊕ χ −1 1 with (χ 2 χ 1 χ 2 )| F × = 1. On the Galois side, there exist two characters χ F and χ ′ F of F × such that χ 1 = χ F • N E/F and χ 2 = χ ′ F • N E/F . Moreover, χ 2 F = ω E/F and χ ′2
1}}. If r = 2, then the extra 2 lifted parameters are given by
with (χ ′ F ) 2 = 1. If r = 4, another 2 parameter lifts are given by
• If |Yτ | = 4 and Zτ = χ 1 , then dim Hom Sp 4 (F ) (τ, C) = 3. On the Galois side, χ 2 F = ω E/F and (χ ′ F ) 2 = ω E/F . There are 3 elements in F (φ τ ). • If |Yτ | = 2 and |Zτ | = 1, then dim Hom Sp 4 (F ) (τ, C) = 2 and |F (φ τ )| = 2. If χ 2 F = 1, then Yτ = Zτ = χ 1 and S φτ = µ 2 . There are 5 elements in F (φ τ ) and at the point
we have deg Φ(φ 1 ) = 2. The rest 4 parameters in F (φ τ ) are of degree 1 and are given by
1}. If |Yτ | = χ 1 and |Zτ | = 1, then F (φ τ ) = {φ = 2χ F ⊕ 2χ −1 F ⊕ C} is a singleton, where χ 2 F = ω E/F . There is a group embedding S φ = 1 ֒→ S φτ = µ 2 .
The degree deg Φ(φ) = 4 since the base change map near φ is equivalent to the map
near the origin and d 0 (φ) = 2. If |Yτ | = 1, then dim Hom Sp 4 (F ) (τ, C) = 4 and
1}} with deg Φ(φ) = 2 and the rest parameter lifts are of degree 1. (e). If χ σ χ σ 1 χχ 2 = 1 = χ| F × and χ 1 χ 2 = 1, then χ σ 1 = χ −1 2 = χ 1 . • If χ 2 1 = 1, then |Yτ | = 4 and |Zτ | = 2. So Xτ = {1, χ 1 | F × } and dim Hom Sp 4 (F ) (τ, C) = 2 4/2 = 1.
On the Galois side, set ρ = Ind WF WE χ 1 . Then F (φ τ ) = {ρ ⊕ C ⊕ ρ ∨ }.
• If χ 2 1 = 1, then χ 2 2 = 1. If χ 1 χ 2 is a quadratic character, then χ 1 χ 2 = χ F • N E/F with χ 2 F = 1. So Yτ = Zτ and dim Hom Sp 4 (F ) (τ, C) = 1. Suppose that χ 1 χ 2 is not a quadratic character. Then |Yτ | = 1 and dim Hom Sp 4 (F ) (τ, C) = 1.
On the Galois side, On the Galois side, if |Yτ | = 4, there are 6 elements in Xτ which coincides with the case (d1). If Yτ = χ 1 = χ F • N E/F , then
, 1}} with χ 2 F = 1. (g). If φ σ 1 = φ ∨ 2 = φ ∨ 1 , then χ σ 1 = χ 1 = (χχ σ ) −1 and χ σ 2 χ 2 = 1, χ 2 = χ σ 2 . So χ 2 | F × = 1. • If Yτ = Zτ , then dim Hom Sp 4 (F ) (τ, C) = 2. On the Galois side, χ 1 = χ F • N E/F and
• If |Yτ | = 2|Zτ |, then dim Hom Sp 4 (F ) (τ, C) = 1. In this case, χ 1 = χ F • N E/F with χ 2 F = ω E/F . (h). If χ 1 = 1 = χ 2 | F × and χ| F × = ω E/F , then φ τ coincides with the case (d2) if χ 2 = 1, or (f) if χ 2 = 1. Then we have finished the proof of Theorem 1.2.
Remark 4.11. Due to [Lu18b, Theorem 4.2], the non-generic tempered representation τ of Sp 4 (E) can never be Sp 4 (F )-distinguished. If the representation τ is square-integrable and the L-packet Π φτ is a singleton, then the Prasad conjecture for Sp 4 holds, which has been shown in [Lu18b] using the local theta correspondence.
